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Abstract 

We address the challenging issue of how CP violation is realized in higher dimensional gauge 
theories without higher dimensional elementary scalar fields. In such theories interactions are 
basically governed by a gauge principle and therefore to get CP violating phases is a non-trivial 
task. It is demonstrated that CP violation is achieved as the result of compactification of extra 
dimensions, which is incompatible with the 4-dimensional CP transformation. As a simple example 
we adopt a 6-dimensional U(l) model compactified on a 2-dimensional orbifold T 2 /Z 4 . We argue 
that the 4-dimensional CP transformation is related to the complex structure of the extra space 
and show how the Z4 orbifolding leads to CP violation. We confirm by explicit calculation of the 
interaction vertices that CP violating phases remain even after the re-phasing of relevant fields. For 
completeness, we derive a re-phasing invariant CP violating quantity, following a similar argument 
in the Kobayashi-Maskawa model which led to the Jarlskog parameter. As an example of a CP 
violating observable we briefly comment on the electric dipole moment of the electron. 



1 Introduction 



In spite of the great success of the Kobayashi-Maskawa model [T|, the fundamental origin of CP 
violation still seems to be elusive. Once space-time is enlarged such that it contains extra spatial 
dimensions, some new types of mechanism of CP violation may be possible. In this paper we 
address the question as to whether CP violation is realized as the result of compactification of the 
extra spatial dimensions. 

In order to extract the new type of CP violating mechanism due to the compactification, we 
will work in the framework of higher dimensional gauge theories without (higher dimensional) 
elementary scalar fields. Namely we exclude, e.g. the models of universal extra dimension, where 
the Higgs scalar is introduced and the same mechanism of CP violation as that in the Kobayashi- 
Maskawa model is operative. 

A typical example of such theories is 10-dimensional supersymmetric Yang-Mills theory, which 
is the low-energy point particle limit of the open string sector of superstring theory. An interesting 
and non-trivial question is how to get CP violation in this type of higher dimensional gauge 
theory. Let us note that in such theories all interactions including possible four- dimensional Yukawa 
couplings are basically controlled by the gauge principle and therefore, the theory to start with 
is expected to be CP invariant, since all gauge couplings are of course real. Thus to realize CP 
violation is a challenging issue. 

Since the original theory is CP invariant, a possible way to break CP would be "spontaneous 
violation". More precisely, one of the few possibilities to break CP symmetry in such theories 
is to invoke the manner of compactification [2J [3], which determines the vacuum state of the 
theory. (See also ref. jl] for a discussion of CP symmetry in orbifold superstring theories.) 
An important observation in the argument is that although C and P transformations in higher 
dimensions can be easily found such that, ip c = C^, C'T C = — (r M )* for instance, they do 
not simply reduce to ordinary 4-dimensional transformations and should be modified in order to 
recover the 4-dimensional ones. Interestingly, such a modified CP transformation was demonstrated 
to be equivalent (for even space-time dimensions) to the complex conjugation of the complex 
homogeneous coordinates z a describing the extra space [3], 

CP: z a z a *. (1) 

For illustrative purpose, let us consider the four generation model in Type-I superstring theory 
with six- dimensional Calabi-Yau manifold defined by a quintic polynomial 

5 

^{z a f -C{z 1 z 2 ---z"') =0. (2) 

a=l 

CP is broken only when the coefficient C is complex, since otherwise the above defining equation 
is clearly invariant under z a — > z a * . Another possibility of spontaneous CP violation in this type of 
theory is due to the vacuum expectation value of an effective four- dimensional scalar field, which 
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is originally the extra space component of the gauge field and may have an odd CP eigenvalue 

EE]. 

Unfortunately, the Calabi-Yau manifold is not easy to handle and to derive the resultant 4- 
dimensional couplings is very challenging. In this paper, we focus on a much simpler compact- 
ification, where interaction vertices are easily obtained. Namely, we discuss CP violation in the 
six-dimensional U(l) model due to the compactification on a 2-dimensional orbifold T 2 /Z 4 . We 
note that the six- dimensional model is the simplest possibility for incorporating a complex struc- 
ture for the extra-space. 

The Z 4 orbifolding turns out to lead to CP violation. Without explicit calculations of interaction 
vertices we can easily understand the reason for CP violation from the following geometrical 
argument. Let the extra space coordinates be (y, z) and combine the pair of coordinates to form 
a complex coordinate u = ~j|r- The orbifold is obtained by identifying the points related by the 
action of Z 4 , the rotation on the y — z plane by an angle |, (— z, y) ~ (y, z) (see FigJT]). Or, by 
use of the complex coordinate, 



IUJ 


~ OJ. 
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y 



(3) 



Figure 1: The identification of points in the orbifold T 2 /Z 4 . 

As was discussed above and is explicitly shown below (see eq.f )2T|) ). in terms of the complex 
coordinate the CP transformation is known to be equivalent to a complex conjugation [3] 

CP : oj -> oj*. (4) 

Therefore, as a result of the CP transformation iu and oj in ([3]) are transformed into (too)* = —iu* 
and oj*, respectively, and after the CP transformation the orbifold condition becomes 

(-i)u* ~ oj*. (5) 

Namely CP acts as an orientation-changing operator; the rotation by an angle | has been changed 
into a rotation by an angle — |. This feature is illustrated in Figj2] Hence the orbifold condition 
is not compatible with the CP transformation and therefore the CP symmetry is broken as the 
consequence of the orbifold compactification. 

This argument implies that Z 2 orbifolding does not lead to CP violation, since the identification 
— oj ~ uj is equivalent to — uj* ~ oj*, or in other words, a rotation by an angle ti is equivalent to a 
rotation by an angle — n . 
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Figure 2: The CP transformation acting on the orbifold T 2 /Z±. 

In the language of the KK(Kaluza-Klein) mode function, CP violation in Z 4 orbifolding may 
be understood as follows. A generic mode function <fi of (y, z) or equivalently of uj — should 
have an eigenvalue t under the action of Z4, as is seen in eq. ffTO]) in the next section, 

<f>(iu)=t(f)(u) (t 4 = l). (6) 

What we obtain from fl6]) by taking its complex conjugation is 

<f>*(-iu}*) = t*4>*{u*). (7) 

This means after the CP transformation, (f>(uj) — > <f>*(u*), etc., the mode function has eigenvalue 
t* under the action of Z4. Thus for mode functions with complex eigenvalues t = ±z the orbifold 
condition is not compatible with the CP transformation, leading to the CP violation originating 
from these mode functions. In fact, we will see in this article that the presence of such mode 
functions results in CP violating interaction vertices. 

We will discuss how the CP violating phases emerge in the vertices of four- dimensional gauge 
and Yukawa interactions including non-zero KK modes. The phases are confirmed to remain 
even after the re-phasing of relevant fields by showing a concrete example and also constructing 
re-phasing invariant quantities. As the typical example of CP violating observable, which may 
be relevant for a model without generation structure, we briefly comment on the electric dipole 
moment (EDM) of electron. 

This paper is organized as follows. In the next section, the mode functions on the T 2 /Z 4 
orbifold are constructed and their ortho- normality conditions are derived. In section 3, our model 
is introduced and after fixing the Z 4 eigenvalue of each field the fields are expanded as the sum 
of KK modes by use of the mode functions. In section 4, four-dimensional mass eigenstates and 
corresponding mass eigenvalues are obtained from the free lagrangian, where a i?^-type gauge fixing 
term for the sector of gauge-Higgs bosons is added. In section 5, we derive gauge and Yukawa 
interaction vertices with respect to the mass eigenstates. In section 6, we demonstrate, as a simple 
example, that CP violating phases appear in the interaction vertices of KK photons and argue that 
the phases remain even after possible re-phasing of the fields. In section 7, we derive a re-phasing 
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invariant CP violating quantity, following a similar argument in the Kobayashi-Maskawa model 
[1], which led to the Jarlskog parameter [7]. In section 8, we briefly comment on the EDM of 
electron in our model. Section 9 is devoted to the summary. 



2 Mode functions on T 2 IZa 



The ortho-normal set of mode functions on T is given as 



2nR 



■ my~\-nz 



(m, n : integers). 



(8) 



Then the eigenf unctions of Z4 with eigenvalues t — ±1, ±i are constructed by a superposition 

= ~ [p M {y,z) +t 3 tp^(-z,y) +t>^(-y,- z ) +t ^ n \z,-y)] , (9) 



which satisfies (with £ 4 = 1) [8] 



t>i m > n \-z,y)=t<S>p n> (y,z)- 



(m,n) 



(10) 



Namely the eigenfunctions are obtained by the successive action of Z 4 , the rotation on the y — z 
plane by an angle ~, on the mode functions on T 2 . 

Let us note ^[ m ' n ^ are also obtained by the rotation in the momentum space (7^ , -|) — > if ) : 

H m>n \y, z) = \ [<p (m ' n) (y, z) + tV n '~ m) (y, z) + t 2 ^~ m >~ n \ y , z) + t^~ n ' m \ y , z)] . (11) 

This means the extra-dimensional momenta can be restricted to a "fundamental domain" shown 
in Fig. [3] : (m > 1, n > or m = n = 0). 




Figure 3: The fundamental domain in the plane of extra space components of momentum. 



By use of the ortho- normality of Lp( m ' n \ 

kR pirR 

dy I dzip( m > n \y,z)*ip {m '' n,) (y,z) = 5 m ,m'5 n ,n> (m, n, m', n : integers), 

ttR J-ttR 



and ( ITT]) , we easily get 



nR ptvR 

dy / 

ttR J-ttR 



dy I dz^ m,n \y, zf^™ ' n \y, z) = 5 m ,m>5n,n> x 



8t,t> (m>l,n>0) 
4^,1^,1 (m = n = 0) 



(12) 



(13) 



Thus the orthogonal set of mode functions are known to be (m>l,n>0orm = n = (only for 
t = l)) 



1 



i(m,n)/ 



*£$(y,z) = -i*£'»)(y,z) 



,0^n,0 

(m,n) 



1 



1 



27tR >fi + 35 mi0 5 n ,o 
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2ixR 



my + nz \ l ny — mz 

cos I — cos 



2tiR 
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2~kR 



R 



my + nz 
sin I I -«sm 



sin 



R 

my + nz 
R 



+ i sin 
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ny — mz 
R 

ny — mz 
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(14) 



In terms of these mode functions, a generic bulk field F(x, y, z) is KK mode-expanded as follows 
depending on it's Z 4 -eigenvalue t; 



J-F®(x) + — VVF M W 
2ixR K ' 2ixR ^ ^ 



m=l n=0 



my + nz \ I ny — mz 
cos I ) cos j — 



oo oo 

i_ V V F (m ' n) i 



F(x,y,z) = < 



2nR 
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m=l n=0 

oo oo 



2nR 
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oo oo 
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my + nz 
cos I — I - COS 

my + 

sin | | — i sin 

my + 

sm | — | - - / Sill 



R 

ny — mz 
R 

ny — mz 
R 
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(for t = 1), 

(for t = -1), 

(for t — i), 

(for t = -i). 
(15) 



The presence of the factor % in the fields with t — ±i signals CP violation. 



3 The model and ^-eigenvalue assignment 

As the simplest realization of CP violation, we consider six-dimensional QED compactified on 
T 2 /Z 4 , whose lagrangian is given as 



Cqed = {T M (td M + gA M ) - m B } q 6 --(d M A N -d N A M )(d M A N -d N A M ) (M, N — 0-3,y,z), 

(16) 

where gauge-fixing and F-P ghost terms have not been shown explicitly. Let us note that in 
contrast to the case of a five-dimensional model with S 1 /Z 2 orbifold, the bulk mass term -m B $ 6 $ 6 
is allowed, since Z 4 is a rotation in the y — z plane, under which ^q^q is obviously invariant. The 
electron described by the zero-mode of (the half of) \l/ 6 thus has a mass m B . Note also that A y and 
A z have non-trivial Z 4 -eigenvalues, as is discussed later, and therefore, have neither zero-modes 
nor VEV's. 

The Z 4 symmetry implies that the extra-space components of Am, i.e. A y and A z , and 
should properly transform under the action of Z 4 . First, defining a complexified coordinate and 
vector potential 

_y + ™ A _A y -iA z 
u = — A " = 7k ' ( 17 ) 



V2 



V2 ' 
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the transformation properties of A y and A z are equivalent to 



A u (x,iu) = {-i)A u {x,u). 
Namely, A u is an eigenfunction under Z 4 with eigenvalue —i and is mode-expanded as 



18) 



oo oo 



m=l n=0 



R 



my + nz \ I ny — mz 

sin | ) + i sin 



R 



(19) 



where A^ 12 '^ are complex functions, whose real and imaginary parts are denoted by Ay n ' a> and 
A { r n \ respectively: A { ™' n) = A m - n) -£^ n \ 

Since Z 4 is a rotation of an angle |, the 6-dimensional Dirac fermion transforms as 

I - I^P 



(m,n) 



-i)^Jx,u) 



(20) 



where the phase-factor has an arbitrariness and is chosen such that ^/q has a zero-mode. We 
decompose into two four- dimensional Dirac spinors: 



(21) 



In this base, 



Z7 



r z = 7 5 ® io- 2 



= 7 5 (g) ia l 

Then from ([20]) and fl22} we find 

if)(x,iu) = {—i)ijj{x,uj), *$f(x,icj) = ty(x,cu). 
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-7 



(22) 



(23) 



Let us note that only \1> is allowed to have a zero-mode. Accordingly, each field is mode-expanded 



as 



. oo oo 



m=l n=0 



R 



my + nz \ j ny — mz 

sin | ) + i sin 



oo oo 



2tcR 



(m,n) 



X) 



m=l n=0 



R 



my + nz \ / ny — mz 

cos | I + cos 



R 



R 



(24) 



We will show below that the factor i in front of sin ( w ^~ mz ) i n the mode expansion of ip(x, y, z) 
results in CP violating phases in the interaction vertices of A^ with 

One may wonder if the requirement of anomaly cancellation affects the CP violation, by en- 
forcing the introduction of additional fields. Fortunately, our model is easily shown to be free from 
both four- dimensional and six-dimensional anomalies, and there is no need for additional fields. 
First, the four-dimensional anomaly due to the zero-mode trivially vanishes, since ^^(x) 

is a four- dimensional Dirac spinor and its coupling to the photon is vector-like. Concerning the 
six dimensional anomaly [9], we note that each of ip and \I/ is "non-chiral" in a six-dimensional 
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sense. Namely, each fermion has both eigenvalues ±1 of T 7 = r°r 1 • • • T y T z . This is easily seen, 
since in the base f )22|) r 7 = 7 s <g> cr 3 and the eigenvalue of T 7 is the product of the eigenvalues of 
the four- dimensional chirality and extra-dimensional chirality, namely the eigenvalues of 7 5 and 
(T3, respectively. Each of ip and \I> has eigenvalues 1 and —1 of 03, respectively, while each spinor 
is a four- dimensional Dirac spinor and has both eigenvalues, ±1 of 7 s . Thus, each of ip and ^ has 
both eigenvalues ±1 of T 7 . These properties come essentially from the fact that we have started 
with a 6-dimensional Dirac spinor. Hence, each of ip and being "non-chiral" in six-dimensional 
sense, does not yield any six-dimensional anomalies. 

In the base of gamma matrix (122]) the "modified" P and C transformations, corresponding to 
ordinary four-dimensional ones, are explicitly given as 

P : ^ 6 (7° ® ^3)^6, C: * 6 -> (C4 0O-3)*! (c 4 = ^7 2 7 )- (25) 

We can easily check that under the C transformation defined by (1251) . a pair of bi-linears of ^6, 
namely (V y , V z ) = (\I> 6 r y ^ 6 , \I> 6 r 2 ^ 6 ) transforms into {-V y , V z ), while (V y , V z ) is invariant under 
the P transformation. Accordingly, a pair of extra space coordinates (y, z) should transform as 

P: (y,z) (y,z), 
C,CP: (y,z) -> (y,-z). (26) 

We thus explicitly confirm the transformation property of the complex coordinate discussed in [3]: 

CP: 00^ u*. (27) 

4 The mass eigenstates and mass eigenvalues 



U*. V, ') = ^Af( X ) + f f 4-»'(x) [oos (^±^) + cos ( 



(2f 



Substituting the mode expansions (1191) and (1241) . together with 

my + nz\ I ny — mz 

m=l n=0 '- 

in the lagrangian (TIB"]) and integrating over the extra-space coordinates y and z we get the effective 
theory from four-dimensional perspective. 

We first focus on the free lagrangian to get the mass matrices for various fields of a fixed KK 
mode. Let us note that there should be a mixing between ip and ^ for fermions and a mixing 
between and a certain linear combination of A y and A z through a Higgs-like mechanism, both 
only for non-zero KK modes. To get mass eigenstates and their mass eigenvalues, we need to 
diagonalize the mass matrix in the base of i[) and \l/ for fermions and put a suitable gauge fixing 
term to eliminate mixing for the gauge-Higgs sector. 

The mass matrix for the fermion in the base of ?/>( m ' n ) and \|>( m ' Tl ) for a given non-zero mode 
(m, n) (m > 1, n > 0) can be read off from the part ^6 {i{r y d y + T z d z ) — itlb} ^6- After the y, z 
integrations this part yields the mass term 



m — in 



^(m,n) 7 5^(m,n) + h ( , J _ ^ (^(m,nty("VO + $H$M ) . (29) 
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In order to eliminate 7 s in the first parenthesis, we perform a chiral rotation, 
Then in terms of ^ (m ' n) and ^ (m ' n) the mass term is written as 



m — in- 



11 

whose mass matrix is now hermitian, i.e 

r (m,n) _ / f^B 



^M$M + /i.e. - m B ^ n H {m,n) + m B $M$ M , (31) 



M} m ' n; = ( _„? fl ) • (32) 



The matrix Mj m '™' ) is diagonalized by an unitary matrix U^ m ' n \ 

( (» 

y(m,n)tj^(m,n)^( m ,n) = [ m / 
jj(m,ri) 



m { p n) 



1 \ / cos# (m - n) sin^( m ' n ) 

e ^ (m '"7 V-sin^( m ' n ) cos#( m ' n ) 

cos # (m ' n) sin ^( m ' n ) 

- sin 0(™^) e V m ' n) cos 0(m,n) e iv("*.») 



(33) 



where 



m { P' n) = J ml + , tan^ m '"> = - , tan 2^ = — . (34) 
1 V -R m m B 



Let us note that by a chiral transformation to change the sign of the eigenvalue —rnf"™^ we have 
degenerate mass eigenvalues and then a further unitary transformation by an arbitrary unitary 
matrix V^ m ' n ^ becomes possible. Thus, the mass eigenstates ?//( m ' n ) and \I/' ( " 1 > n ) are related to the 
original fields as 

^(m,n) J - ^ I 75 J I #'("».*) I > l^J 



or in terms of Weyl fermions as 



; (m,n) \ / I '(m,n) 

,(m,n)\ /-, n \ / ,'(m,ny 

rL \ _ TT(m,n) I 1 u 1 T/(m,«) I ri 



* ( r m ' n) , 



Jj(m,n) / ^ ^ 1 (36) 



The freedom of \/( m > n ) may signal the internal symmetry between two Dirac fermions obtained 
from a massive six- dimensional Dirac fermion by dimensional reduction. Any physical observables 
should be invariant under the unitary transformation due to V^ m,n > . So, without loss of generality 



■""We define four-dimensional Weyl fermions as ipR l = 1= ^ 7 ip. 



8 



we can choose a base where V^ m,n ) = [/( m ' n )t ; to get 

where the unitary and hermitian matrix f/( m ' n ) (f/( m > n )t — (j(™,,n) ^ 0{m,n)y _ j g gj ven as ( as 
is easily derived from (133]) ) 

£/(m,n) = ^(m,n) A ] [/(m,n)t = 1 j^(rn,n) 
-i; m (m,«) / 

(38) 



rrij ' \ r 



m-m 

m B jj— 



(m,n) \ _ntm 



(j( m , n ) denotes the asymmetry in the unitary transformations (1361) between the right-handed and 
left-handed fermions, which is of real physical interest. The mass term for non-zero KK modes is 
thus written with degenerate mass mj. m,n ' as 

where 

Concerning the mass term for the zero mode, there is no mixing between ip and since only 
the state * exists: ^' (0) = &°\ The mass term takes a simple form 



-m B f(°)*' (0) . (41) 

Let us note that \|/'( ) = and (l4"Tj) are naturally obtained formally setting m = n = in (13T|) , 
(ESD and (ESJ). 

We now move to the part relevant for the mass-squared of gauge-Higgs bosons: 

- \ (-F, y F% - F, Z F\ + F 2 Z ) (F m = d,A y - d y A, , etc.), (42) 

which may be written in terms of as, 

(d^)(d^) + (d u A fl )(d sr A' i ) - {(VU(c^) + (d^)(d^)} 

+ \(durA u - d^) 2 (a„ = At , d u = , etc.J . (43) 

Since the sector of non-zero KK modes possess a Higgs-like mechanism, in order to form four- 
dimensional massive gauge bosons, we now introduce the gauge fixing term a la gauge [10J: 

- ^ {d^A" - f (duA* + dujA^)} 2 . (44) 



The aim is to eliminate the term in (j43p . which may be rewritten, after partial integrals, as 
Combining (1351) and (1431) we get 



(^)(^)-l(^) 2 

+ (dpAu,)(d»Av) - ^{duAv + dujA^) 2 + -(fifcA, - d u Av) 2 . (45) 

We thus realize that Re(d<jA Ld ) and Im(^j-A w ), i.e. -^^^(mA^'^ +nA ( £ n ' n * ) ) and ^ m l +T ^ (~ rt-Ay" + 
mA^ n,n " > ) behave as would-be N-G boson and physical Higgs boson, respectively, for non-zero KK 
modes. 

In fact, substituting (1T9|) and (128|) in ( 145]) and integrating over y and z, we get corresponding 
four-dimensional effective lagrangian, 

-.00002,2 if oooo ^ 

\ E E ^^4-)^) - 1 ( d[l A^y + y: J2(a,A^r 

m=l n=0 ^ m=l n=0 J 

1 oo oo /• 2 _i_ 2 2 _i_ 2 

+ - \ {d^G^WG^) + (d^H^WH^) - f 1 \ n G m2 - m + 71 gM 

2 I ii ii 

(46) 

where G( m ' n ) and #< m ' n ) denote the would-be N-G boson and the physical Higgs boson : 



Vm 2 + 7i- ( 47 ) 

H {m ' n \x) = - {-nA^' n \x) +mA^ n \x)) . 

Vm 2 + n 2 



It is now clear that we get a massless photon A^ , along with a massive photon ' and massive 



Higgs boson if( m '™), both having masses My™'"' = ^ m ^+ n2 ; i n the four- dimensional spectrum. 



5 The interaction vertices 

Having KK-mode expansions for each field, we are now ready to calculate the interaction vertices 
in terms of four-dimensional fields. First, we focus on the interaction vertices of four- dimensional 
gauge fields 4 m ' n) (and 4° } ). Since the interaction preserves the chirality of fermions and the 
right-handed fermions are not associated with unitary transformation when described by mass 
eigenstates (see (1571) ) we initially restrict ourselves to the interaction vertices for the right-handed 
fermions. The relevant part of the lagrangian is (\I/ = 7 5 \l/) 

g (ifi^Rip + ^YR^) Ap. (48) 
Substituting (T24"|) and (1281) in (JUJ), with the mode expansion for \1> being modified as 

m=l n =0 - \ 



, (49) 
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we get after y and z integrations the interaction vertices with respect to non-zero KK modes, 

oo oo ✓ i'(m"n")/ \\ 



m,m',m"=l n,n',n"=0 

/ K,n') n 
rr(m',n') _ / U ( m ,n;m",n") U 1 /r n N 

U R(m,n;m" ,n") ~ I n T.Am'.n') I J W U J 

\ U K (m,n;m",n"), 

where #4 = is the four-dimensional gauge coupling and the vertex functions are given as § 

Tr(m',n') _ <- r _|_ c c 

(m,n;m" ,n") "m+m' —m" "n+n' —n" \ "m+n' —m" '"n—m' —n" 



(m'n') 





—n"3n—m'+m" ^m—m' 


+m"$n— n'+n" 


Om—m'+n"$n—n l —m" 




' —m" ^n—n' —n" ^m—m' 


—n"^n—n'+m" 


0m—n'+n"3n+m'—m" 


3m— n' 


— m" &n+m' —n"j 






& m+m' 


—m"^n+n'—n" &m+n'— 


m"&n—m'—n" 




+ i$m+ri 


—n"3n—m'+m" ^m—m' 


+m"^n-n'+n" 


^m—m'+n"^n—n'—m" 


^m—m'- 


-m"On—n'—n" ^m—m' 


—n"^n—n'+m" 


^m—n'+n"^n+m'—m" 


+ Sm-n>- 


-m"On+m' — n" • 







(51) 



(52) 



The interaction vertices including at least one zero-mode are also given by the same form as (|50|) . 
but the vertex functions are different by factor 2 from what we obtain by formally generalizing 
( IBTi) and ( 1521 to the case of zero-mode: 

V {m%m",n") = 2 ^m,m"S n ,n" (m, 17l" , 71, Tl" > 0), 
V fml;m" ,n") = 2S m,m"S n ,n" (m, 777," > 1 , 71, TO" > 0), 

^(oJ;m'',n") = 2 <W,m"£n>" ( m ' > 1 > m " > ) n " > °)) 

r(m',n') 
(m,n;0,0) 



= 25 TOTO /<L„/ (m > , w! > 1 , 77,77' > 0). (53) 



In the case of the left-handed current, the interaction is written as 

oo co / i'(m"n")/ \\ 

E E f *^w) c£^»,„»,ri (^ KV , *) x 

m,m',m"=l n,n' ,n"=0 

T r(m',n') _ fj(m,n)] T Am',n') fr(m",n") (rA\ 

u L(m,n;m" ,n") ~~ u u R(m,n;m" ,n") U " 

Actually, in a process where only the left-handed current appears without any chirality flip, the 
unitary matrices Z7 are irrelevant, 

fj(m,n)jT(m,n)Uj{m' ,n') fj{m",n")fj(m",n")] _ TT (m',n') /rr\ 

'" U U ^(m^m^n")^ ^ ' " ~~ ' " U R(m,n;m",n") ' " ' l d,J V 

This reflects the fact that the freedom of V {m ' n) in (EBJ enables us to choose 1/ (m ' n) = a 3 U {m ^ 
if we wish, so that tj^ m,n > appears in the right-handed current instead of the left-handed current. 



2 Here we use the abbreviation for Kronecker's delta : S m = £ m ,o- 
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On the other hand, in processes with chirality flip, the matrices f/( m ' n ) can not be eliminated and 
describe the amplitudes. 

From (138]) . ( |50|) . ( |53|) and ( )54|) . we find that the interaction vertex of the ordinary photon 
takes the usual QED form: 



CO oo oo oo 



^4 EE ^ ,(m ' n) 7^^ /(m ' n) + E E ^'"W^"^ ^ 0) - (56) 
\m=0 n=0 m=l n=0 / 

Next, we discuss the interaction vertices of and A m . The relevant part of the lagrangian is 

v^jn^L + h.c.j. (57) 
Here A^ is mode expanded in terms of G^ m ' n ^ and if ( m ' n ) as 

AJx - ^ 2) = &b £ £ "T^TPy { G<m " ,{x) ~ iH{m ' n '( x ) } x [ sin (^^Sr^) + j sin (^Sr^) 

(58) 

We thus realize that once we get the vertex function for G^ m ,n \x), then the vertex function for 
H^ m '' n '\x) is readily obtained by multiplying by —i. 

As A u has Z 4 -eigenvalue —i, the vertex functions can be written in terms of vf 1 } n , obtained 

w * ° ' (m,n;m ,n ) ' 

by an exchange of (m',n') -H- (m",n") in f|52|) : 

OO OO I • I 

f^„ , n 2 Vm' 2 + n' 2 1 ^ (m,n;m>') W\ / 

m,m ',m =1 n,n ,n"=0 

(59) 

Rewriting in terms of mass eigenstates for the fermions, we get (for non-zero KK modes) 



E E f r^—^ \ U' {m > n K*) *w)( x) ) 

m,m,m"=l n,n,n"=0 



X 



m' —in' m"+in" ■ (m" ,n") m' —in' ■ (rn" ,n") \ 

~ (m",n") R W (m,n;m',n') - (™",n») m B™ \ m ,n;m' ,n') \ /„l/(m",n") I \ 

, m'+in' m ( _,-\„,( m < n )* m'+in' m" -in" ( ;\Jm,n)* \ \ ty'( m " > n ") (x) ' 

"r (m",n")'" / B\ b ) u ( m " ,n" ;m' ,n') (™" ,n") R \ > 1 (m" ,n" ;m' ,W ') / \ W 



rrij jib m ^ 



i(fM(3;) $'( m > n )(x) 

m'-in' m"+in" ■ (m" ,n") m' -in' ■ (m",n") \ 

(™",n") H W (m,n;m',n') ~ <m",n") m B W (m,n;m', ri) \ / „l,'(m" ,n") ( T \ \ 

l f m f I r ( ^ ^ M v Tj( m > n )(^ 

'■' ' .("vO* , m'+in' m"-m" ^ -\ fm.n)* I \l/'( m ''' n '') (V W W 



rn i 

m (rrS'y>) m B{—l)V( m ,, tn ,,. m ,, a ,- ) + ^(Ji^ii) ^ l _ ^J t '(m",n";m',n') 
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+ E E 

m,m' ,m"=l n,n' ,n"=0 
m'+in' in— in 



54 



1 



2 Vm' 2 + n' 2 

I • \ (m,n)* 
—if 



X 



(m" ,n" :m',n') 

f 

m ' +in ' mJ ?k- (m ' n) * 

(m, n ) nL BK l ) u ( m ",n";m',n') 



i m'-m' _ • ,K',n") 
m (m ' n) 5 U (m,n;m' ,n') 
ml -in 1 m+in -{m",n") 

R (m,n;m' ,n') 



i? 



(m.n) 



'(m",n"), 



/ _^ m'+in' m—in 



R 



I )V 



(m,n)* 

(m" ,n";m' ,n') 



\ 



(m.n) 
f 

m (p,n) nL BK l ) u ( m ", n ";m',n') 



, m'-m' _ • ,(m",n") 
m^ m ' n) B y (m,n.;m',n') 

ml —in' m+in • „,( m "i w ") 
^(m.n) (m,n;m' ,n') 



R 



y'(m",n")^ 



^'(m",n")( 



x G( m '' n ')(x) 



X 



X 



m 



f 



(60) 



The interaction vertices including at least one zero- mode are also given by the same form as (16"U|) . 
by use of (|B^|) . 

It is interesting to note that a sort of "equivalence theorem" holds concerning the interaction 
vertices of non-zero KK mo des Ajf' n) and G (m ' n) , which are expected to hold as the result of Higgs- 
like mechanism operative in the sector of massive gauge-Higgs bosons. For illustrative purpose, we 
focus on the interaction vertices where one of external fermion lines is the zero-mode shown 
in FiggJ which are easily obtained from Eq.s fl38|) . f l50|) . (153|) . f lolj) and ( 160|) . 
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Figure 4: The interaction vertices where one of the external fermion lines is the zero-mode 

For instance, multiplying (^, n ) the 4-momentum of A^'^) to the current coupled with 
the massive photon, we get a relation by use of equations of motions for fermions 

Ufj, / m \ ]\A m ' n ) 

where the r.h.s. just coincides with (z times) the current coupled with G^ m ' n \ 



6 CP-violating photon interaction 

Now we are ready to confirm that CP violation is realized in our theory by showing that the 
imaginary couplings in the interaction vertices remain even after the re-phasing of fermions pQ. 

As we have seen in the previous section, the interaction vertices of KK modes of A^, G and H 
are rather complicated. We thus restrict ourselves to the interaction vertices of A^, although the 
Yukawa couplings of KK modes of G and H also violate CP, as is suggested by the equivalence 
theorem. To make the analysis as transparent as possible, we consider only the right-handed 
current of ip' coupled to A^, as shown in ( l50i) . since the corresponding current due to *f>' described 
by V has no phases. If all of n, n' and n" are set to the interaction vertex becomes real, as is 
seen in fl52l) and fl53|) . Thus we consider the case where n = n' = but n" > 1, as the simplest 
non-trivial possibility: 

00 

£ ^<1>,^W'^AW (62) 

m,m' ,m" ,n" =1 

(W) (m',0) — 'A A _l_ A A ffi^ 

(m;m" ,n") — ^(m,0;m",ra") — *"m,n""m' ,m" ~r Cm,m"C m ',n" > v^^J 

where we use the notation ip'^ = ip'^ m '°\ etc. Our task is to see whether the phase i in ( 1631) can 
be eliminated by suitable re-phasing of ip'^ and ip'( m "> n "\ or not. More explicitly ( |62|) is written, 
by use of fl63|) . as 

^ 9 A ^j^rfR^m') A (rn') + i^ 7y 7 At ^' (m ' m ' ) 4 m) • ( 64 ) 

m,m'=l 
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Write the re-phasing by use of phases <p m and <\> m ,m' as 

V>' (m) ->■ e^' (m) , ^' (m>m,) -> e^"*.-»'^'( m ' TO '). (65) 

For the case of m = m', two interaction terms in (l64"j) are actually identical and the resulting 
complex coupling (1 + i)g± can be made real by re-phasing satisfying a condition 

71 

4>m ~ <Pm,m = J (mod 7r), (66) 

where mod 7r reflects the freedom to add an arbitrary multiple of ix. For m 7^ m', the two terms in 
(J64p are mutually independent, and we get two independent conditions in order to eliminate the 
CP phases from the interaction lagrangian: 

<Pm ~ <t>m,m> = (mod 7r), (67) 

7T 

<Pm' - <Pm,m' = ~ (mod TV). (68) 

The condition ( )66l) can be trivially satisfied. Namely, for given m , we can always find the solution 
of 4>mm- The combination of fl67|) and (168]) . however, give rise to non-trivial conditions for <p m : 



7T 

<Pm - <f>m> = ^ ( mod 7r )' ( 69 ) 

Since this condition should be met for arbitrary m and m' (m ^ m'), we realize that all m 
(m m!) must be the same (mod ix) for given vn! . As the m', in turn, can be arbitrary we find 
that all m should be the same (mod n): 

4>i — 02 = ■ • • (mod 7r). (70) 

On the other hand (I7D1) clearly contradicts (1691) . Thus we conclude that the conditions (I57j) and 
fl68l) are incompatible with each other and the CP-violating phases cannot be removed by the 
re-phasing. Let us note that if some part of the interaction lagrangian violates CP, so does the 
whole lagrangian. Hence we have confirmed that CP is violated in our model. 



7 Re-phasing invariant quantities 

Although we have shown that CP is violated in our model by considering a concrete example, 
for the completeness of the argument it would be desirable to identify re-phasing invariant CP 
violating parameters, a la the Jarlskog parameter in the Kobayashi-Maskawa model [7j. It would 
be also helpful in understanding what are the physical invariants appearing in the amplitudes of 
CP violating processes. As a matter of fact, in our model the free lagrangian of fermions has a 
larger symmetry than the re-phasing: it is invariant under the unitary transformation described 
by \A m > n ) in fl36l) . Thus the CP violating observables should be invariant under the transformation 
and therefore they are written as the imaginary parts of the trace of the products of the matrices 
U R^L{J,n;m",n") ( for the case of \ interaction). 
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First, let us focus on the observables due to A^ 1 ' n ^ interactions where each fermion propagator 
possesses no chirality flip. Let us note that as far as processes without chirality flip are considered 
there is no difference between the processes due to right- and left- handed currents, as we have 
already discussed. Thus, here we consider only the processes due to the right-handed current. 

Our task is to find non- vanishing imaginary parts of the trace of the products of ^^jj^n-m 11 n")i 
appearing in the A^ 1 ,n ^ vertex (see ( l50i) . ( 1511) and ( |52j) ): 

Im Tr (u {m '' n ' ] U im '"> n '" ) ■ ■ ■ ) = Im (V m ' X) v {m " '' n "' ) ■ ■ ■] (71) 

1111 I R(m,n;m" ,n") R(m" ,n";m"" ,n"") I ~ m M U (m,n;m",n") U (m" ,n";m"" ,n"") J ' V X / 




Figure 5: An example of Feynman diagram describing re-phasing invariant quantities. 

corresponding to the Feynman diagram shown in Figj5j In Figj5j the fermions form a closed loop, 
thus making (ITT]) invariant under the unitary transformation, 

T j{m',n') v (m,n)Ur(m',n') V {m" ,n") ( 79 \ 

U R(m,n;m" ,n") ^ V U R{m,n;m" ,n") V > \ 1 

corresponding to the freedom of V^ 171 ^ in ( )36|) . In the case of Kobayashi-Maskawa model, the 
Jarlskog parameter arises only at the 4-th order of the KM matrix elements V^ M ; 
J = \Im(V^ M V j a M *V J I p M V i ^ M *)\ (i ^ j,a ^ (3). In our model, however, the imaginary part is 
found to arise already at the second order of v^^Jm" n")> 

Im fj™'»') v (m'",n»>) \ (73) 
1111 y u (rri,n;m",n") u (m",n";m,n) J ' V ' °> 

because of the variety of the KK modes A^™ ' n ^ ■ For instance if we set 

m = l, n = a , m! = 2, n' = a + 2, m" = 1, n" = 2, m!" = a + 1, n'" = 1, (74) 
with an arbitrary positive integer a 2), we find 

(«as>s$) = i- (75) 
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8 A brief comment on the EDM of electron 



Arguments given above have shown that the CP violating phases remain even after the re-phasing 
of the fields and therefore CP is broken as the consequence of the compactification on T 2 /Z 4 . As 
a concrete example of a CP violating observable here we comment on the electric dipole moment 
(EDM) of electron, since the EDM does not need the fermion generation structure, which is ignored 
in our model. 

We first focus on the possible 1-loop contributions to the EDM, where the intermediate states 
are the non-zero KK modes of electron and gauge-Higgs bosons. The relevant 1-loop diagrams are 
those in FigEl 





Figure 6: Feynman diagrams for electron EDM at the 1-loop level. 



Since the Feynman diagrams are divided into two types, i.e. diagrams with the exchanges of 
four- dimensional vector and four- dimensional scalar, it may be useful to derive general formulas for 
the amplitudes of these two types of diagrams, due to generic interactions, i/jj^aL + bKj^/'^V^ + 
h.c. and ip(a'L + b'R)^'^S + h.c, respectively, where ip, , S denote intermediate states of 
fermion, four- dimensional vector and four-dimensional scalar. The general formulas for these two 
types of diagrams are known to be proportional to 2ilm(ab*) and 2ilm(a'b'*), respectively [6]. 

This observation immediately leads to an important conclusion that we do not get the EDM 
at least at the 1-loop level. Namely, all of 2ilm(ab*) and 2ilm(a'b'*) obtained from the interaction 
vertices shown in FigJH vanish. Let us remember that to get an EDM both P and CP symmetries 
should be broken. The origin we find for the cancellation of the 1-loop contribution arises from 
the fact that the orbifolding does not violate P symmetry, while it does break CP, since as is seen 
in f )26|) the extra-space coordinates are invariant under the P transformation. At the first glance 
this argument seems to contradict the fact that the right- and left-handed currents coupled to the 
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non-zero KK modes of the photon are not identical (see f)5Up and (I54p ). We, however, realize that if 
we choose = a 3 U^ m ' n ^ , instead of = U^ n ^ in ((36]), the roles of right- and left-handed 

fermions are exchanged, compared with the case of (157)) . This implies that the contribution to the 
EDM should be invariant under the exchange a <H- b and therefore Im(a&*) = Im(6a*) = 0. 

As far as the vanishing contribution to the EDM has its origin in the P symmetry of the model, 
we anticipate that the EDM will not emerge even at the higher loop Feynman diagrams, though 
the explicit computations are desirable to settle the issue. Nevertheless, we still expect that EDM 
gets non-vanishing contribution as long as the CP symmetry is violated by the orbifolding, once 
the model is made realistic in a way it can incorporate the standard model, where P symmetry is 
broken. 

9 Summary 

In this paper we addressed the question of how CP violation is realized in the scenario of gauge- 
Higgs unification, where the interaction of the Higgs is governed by a gauge principle and therefore 
to get CP violating phases is a challenging issue. 

As a simple and non-trivial example we examined a 6-dimensional U(l) model compactified 
on an 2-dimensional orbifold T 2 /Z 4 . First we extended an argument of how four- dimensional 
CP transformation is related to the complex structure of the extra space and showed that the 
adopted Z4 orbifolding is incompatible with such defined CP symmetry and therefore leads to 
CP violation. Next, we confirmed the expectation by extensively studying the interaction vertices 
derived from the overlap integrals over the extra-space coordinates of mode functions. We could 
get CP violating phases which do not vanish even after the possible re-phasing of the relevant 
fields. For completeness, we derived a re-phasing invariant CP violating parameter, following a 
similar argument in the Kobayashi-Maskawa model which led to the Jarlskog parameter. 

As a typical example of CP violating observable we made a brief comment on the EDM of 
electron in our model. It turned out that at the 1-loop level, the EDM gets no contributions. The 
origin of the vanishing EDM in our model was argued to be the fact that the orbifolding does 
not break the P symmetry, while both of P and CP symmetries should be broken to get a non- 
vanishing EDM. Nevertheless, the EDM is expected to get a non- vanishing contribution as long as 
the CP symmetry is violated by the orbifolding, once the model is made realistic in a way that 
incorporates the standard model where P symmetry is broken. The chiral theory with P violation 
will be realized, once we start from six-dimensional Weyl fermion with definite eigenvalue of T-j, 
instead of six-dimensional Dirac fermion, though in that case we have to ensure the cancellation 
of six- dimensional anomaly [9 J by suitably choosing the matter content. 

An interesting candidate of such realistic higher dimensional gauge theory of the type discussed 
in this paper may be the theory based on the "gauge-Higgs unification" scenario. The scenario 
was proposed long time ago (TTj [T5J EH EH], where the Higgs field is identified with the zero- mode 
of an extra spatial component of higher dimensional gauge fields. It has been revived as one 
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of the attractive scenarios solving the hierarchy problem without invoking supersymmetry [T5] . 
This is based on the observation that the quantum correction to the Higgs mass is finite and 
insensitive to the ultra-violet (UV) cutoff of the theory thanks to the higher dimensional local 
gauge symmetry, in spite of the fact that higher dimensional gauge theories are generally regarded 
as non-renormalizable. Since then, many interesting works based on this scenario have appeared 
in the literature from various points of view [T6]-|39j. 

Strictly speaking, the U(l) model discussed in this paper is not a model of gauge-Higgs uni- 
fication, as the extra-space component of gauge field does not have a zero-mode that behaves as 
a Higgs field. We, however, believe that the discussions of the mechanism of CP violation ex- 
tended in this paper holds in general for the models of gauge-Higgs unification with larger gauge 
symmetries including that of the standard model, since the mechanism is based on the manner of 
compactification and does not depend on the choice of the gauge group. It, however, should be 
pointed out that the introduction of brane-localized fields and their interactions with bulk fields 
may be needed to make the theory realistic [30]. The localized mixing mass parameter may be- 
come another source of CP violation, independent of the mechanism of CP violation due to the 
compactification discussed in this paper. 

It is interesting to note that the proposed mechanism of CP violation due to the Z 4 orbifolding 
does not need flavor or generation structure, as our U(l) model incorporates only 1 generation, i.e. 
the electron. The CP violation is achieved through the interactions including non-zero KK modes. 
From such a point of view, our mechanism of CP violation is quite different from that in the 
Kobayashi-Maskawa model. It will be an interesting and important question how the mechanism 
of CP violation can be extended when we include multiple generations. Once the generations are 
introduced we will be able to discuss other well-known CP violating observables caused by flavor 
changing neutral current processes, such as e in the neutral kaon system or CP asymmetries in B 
meson decays. 
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